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[Answer any five. Questions are of equal credit. Symbols have their usual meanings] 
 

1. a) Does there exist a  -algebra (on some set) with countably infinite number of elements? Justify your 

answer. [5] 

 b) Let (     ) be a measure space,           and      . If   (  )      for some    , prove that 

 (  )    ( ). Does the result hold if we drop the assumption that   (  )      for some    ? [3+2] 
 

2. a) Show that a set     with   ( )    is Lebesgue-measurable. [3] 

 b) Show that the Cantor ternary set   is Borel-measurable, hence Lebesgue-measurable and has 

Lebesgue-measure 0. [1+1+2] 

 c) Deduce from (b) above that the cardinality of the class of Lebesgue measurable sets in   is the 

power of the continuum (i.e.   ). [3] 
 

3. a) Let (     ) be a measure space,        and        be measurable functions such that 
|  |     for all    . Let       and       be measurable real functions such that      

a.e.   and      a.e.  . If      ( ) and ∫     ∫   , show that ∫     ∫   . [5] 

 b) Suppose       
  and        are Lebesgue-integrable for all     such that 

         ∫   ( )
 

  
   ∫  ( )

 

  
    for each     

  and           ∫   ( )
 

  
   ∫  ( )

 

  
  . 

  Show that 

             ∫   ( ) 
   ∫  ( )

 
   for every open subset U of  . [5] 

 

4. a) If     ( ), show that t 0lim | f (x t) f (x) | dx 0    . [4] 

 b) Show that in a finite meaure space (     ) we have,   ( )    ( ) whenever      . [4] 

 c) Show, however, that the conclusion in (b) is no longer valid if the underlying measure space is 

infinite.  [2] 
 

5. a) Let (     ) be a measure space and   be a measure on   with density  . Show that a function 

      is integrable with respect to   if and only if    is integrable with respect to   in which 

case we have, ∫     ∫    . [2+3] 

 b) Let     
 ( ),      pointwise on   and ∫     

   
∫    . Prove that ∫         ∫     

 

for all    . Is the result true if ∫      
   

∫     ? [3+2] 
 

6. a) Prove that if       is monotone, then it is Borel measurable. [3] 

 b) Given a measure space(     ), show that a function        is measurable if and only if each 

component of f is measurable. [4] 

 c) Let    be a non-negative integrable function on a measure space(     ), show that      a.e.  . [3] 

 

7. a) If (     ) be a finite measure space and   be generated by the field    , then show that for each 

    and each    , there exists a set      such that  (   )   . [5] 

 b) Suppose       are measures on a  -field    and are  -finite on a field    generating  . If   ( )  
   ( ) for all     , then it holds for all    . [5] 
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8. a) Let (     ) be a measure space. Let       and      ( ). Show that 

  *(   )     (      )  +     ( ).  [4] 

 b) Let     be the counting measure on      . If   

 (   )  {
                      

                    
                           

 

  then show that the iterated integrals exist, but are unequal. Does it contradict Fubini’s theorem? [3+1] 

 c) Let (     ) and (     ) be two  -finite measure spaces and        . If  (  )   (  ) for all 

   , then show that (   )( )  (   )( ). [2] 
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